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Abstract
A new methodology that combines the generalized topological indices (GTI) and the down hill simplex optimisation procedure
has been developed to search for optimised quantitative structure–property relationship models. The structural interpretation of the
optimal molecular descriptors is attained analytically by means of the GTIs decomposition in terms of geodesics (shortest paths) in
the molecular graph. This approach provides a clear explanation about the role of topological structure in the study of molecular
physico-chemical properties.
 2005 Elsevier B.V. All rights reserved.

1. Introduction
Molecular descriptors are the basic components of
the quantitative structure–property (QSPR) and structure–activity (QSAR) relationships. The so-called topological indices (TIs) are molecular descriptors based on a
graph-theoretical representation of the molecular structure [1]. They have proved to be very useful in real-world
applications of QSPR and QSAR to molecular design
and physico-chemical studies of molecular properties
[2]. Basically, any QSPR/QSAR based on TIs assumes
the existence of a correlation between a (molecular or
molar) property/activity and the molecular structure described at a topological level, where the linear model is
the simplest representative [3,4]. Within graph-based
QSPR/QSAR studies, the essential information contained in the molecular graphs must be coded using
numerical invariants. Of course, the adequate deﬁnition
of these invariants is a critical point of the method. The
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introduction of topological indices for the study of each
particular property remains as a heuristic process and
each property requires an ad hoc graph-invariant deﬁnition. The lack of a general methodology for deﬁning and
applying TIs to QSPR/QSAR problems has generated
an undesired proliferation of such molecular descriptors
and has produced signiﬁcant problems in their physicochemical interpretation. Thus, the search for generalized
approaches to TIs that permit their optimisation and
better understanding of their meaning has become a
challenging area in chemical graph theory [5–11].
In a previous Letter [12], a general approach that uniﬁes many of the classical topological indices into one theoretical framework has been introduced, opening new
ways in both theoretical and applied aspects of graph
invariant methods in computational physical chemistry
[13–15]. Here, a general methodology for obtaining new
topological indices and its interpretation is presented.
Optimised invariants are obtained combining the simplex
optimisation method [16–19] and the so-called generalized topological indices (GTI) [12]. The optimised molecular descriptors are then interpreted by mean of the
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decomposition of the GTI in terms of geodesic (shortest
paths) matrices [20] in the graph. The study of normal
boiling points of octane isomers has been included as an
example to develop the present methodology.

ðkÞ
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¼

where u and v are column vectors whose components are
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where diam(G) is the diameter of the graph G, i.e., the
largest geodesic in the graph G,

Let G(V, E) be a molecular-graph with |V| = n vertices
and |E| = m edges. Let dij be the entries of the n · n topological distance matrix of the graph G(V, E). The GTI
associated to the graph G(V, E) is deﬁned by the following vector–matrix–vector formula [1,12–15]:
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2. Structural interpretation of generalized topological
indices

n
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1; if d ij ¼ k in graph G;

and after some algebraic work, Eq. (1) becomes
GTI½G ¼

"
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The C matrix is the so-called generalized molecular-graph
matrix whose n · n entries are expressed in terms of the
topological distance through
8
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The
scalars
x; y; z; p; q; r; w
s ¼ ðs1 ; s2 ; . . . ; sn Þ, form a set of 2n + 6 real parameters.
For simplicity,
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From (1), it is straightforward to obtain several of the
well-known classical indices. For instance (see [12–14]
for more examples), the Wiener index (W) [21] and the
Randić connectivity index (v) [22] are expressed as
follows:
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Using the geodesic (shortest path) matrices [20] of different orders of the graph, D(k), whose entries are deﬁned
by
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¼
Each n(k) term is a function on y; z; q; r; w
ðw1 ; w2 ; . . . ; wn Þ; and s ¼ ðs1 ; s2 ; . . . ; sn Þ, parameters. The
quantity N(k)[G] is the number of pair vertices at distance k in the graph G and each bracket Æi, jæG is deﬁned
by
1
hi; jiG ¼ ½ui ðG; y; qÞ  vj ðG; z; rÞ þ uj ðG; y; qÞ  vi ðG; z; rÞ.
2
ð11Þ
For example, by simple inspection of Fig. 1, the n(k) for
the 2,4-dimethylhexane molecule are:
1
nð1Þ ¼ ½h1; 2i þ h2; 3i þ h2; 4i þ h4; 5i
7
þ h5; 6i þ h5; 7i þ h7; 8i;
1
nð2Þ ¼ ½h1; 3i þ h1; 4i þ h2; 5i þ h3; 4i þ h4; 6i
8
þ h4; 7i þ h5; 8i þ h6; 7i;
ð12Þ
1
nð3Þ ¼ ½h1; 5i þ h2; 6i þ h2; 7i þ h3; 5i þ h4; 8i þ h6; 8i;
6
1
ð4Þ
n ¼ ½h1; 6i þ h1; 7i þ h2; 8i þ h3; 6i þ h3; 7i;
5
1
ð5Þ
n ¼ ½h1; 8i þ h3; 8i.
2
Eq. (7) shows that any GTI can be separated in term
of the contributions of pairs of vertices at the same distance in the graph. Each n(k) term deﬁnes the average

Fig. 1. Molecular-graph for the 2,4-dimethylhexane showing the labels
used to work the example in the text.
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contribution to GTI of all those pairs of vertices whose
vertices are separated at distance k in the graph. These
contributions are scaled by the number of pairs of vertices of each type and by the x and p scale parameters
through the Ck coeﬃcients.
The Ck coeﬃcients separate the several contributions
in (7), i.e., the x and p parameters deﬁne the relative
importance of each term in the expansion with respect
to how far the currently vertices are in the graph. The
presence of the diameter, diam(G), and the numbers
N(k) in the expansion (7) introduce information about
the branching of the graph in the GTI deﬁnition.
On the other hand, from Eq. (2), if q = 1 and y = 0
then the components ui reduce to the topological vertex
degree, i.e., the number of edges attached to the vertex.
Similar analysis is valid for the vi components. So, each
ui or vi generalise the concept of the classical concept of
vertex degree permitting to assign local characteristics to
each vertex; and each bracket Æ,æG in (7) introduces local
information about the vertices in the GTI deﬁnition.
Therefore, each GTI codes global and local information
about the graph structure on the set of vertices.

3. Optimisation of generalised topological indices
Every GTI is obtained by settling the value of each
parameter in (1). In what follows, a minimization criterion is introduced to deﬁne any GTI for practical
purposes. The study will be restricted to the six-dimensional parameter subspace formed by all 6-tuples
(x, y, z, p, q, r) only.
Let H = {h1, h2, . . ., hg} be a set of any physicochemical property data for a collection of molecules
^ ¼ fG1 ; G2 ; . . . ; Gg g of molecurepresented by the set G
lar-graphs. By hypothesis, it is assumed the existence
of a 6-tuple (x0, y0, z0, p0, q0, r0) that minimizes the sixdimensional scalar function Q,
Qpqr
xyz ¼ 1  jRðGTI½G $ HÞj;

ð13Þ

where the symbol |Æ| means absolute value and R(A M B)
denotes the linear correlation coeﬃcient between the
data A and B. Now, to ﬁnd the minimum (local or global) of the function (13), a multidimensional optimisation procedure is required. The so-called downhill
simplex method of optimisation [16–19] has been selected
here for the sake of simplicity, because this method
requires only function evaluations, not derivatives.
A simplex is a geometrical object consisting of n + 1
points and all their interconnecting line segments, where
n is the number of parameter to be optimised. The
downhill simplex method starts from an initial simplex.
Then, by successive reﬂections, expansions and contractions operations, the algorithm moves the simplex in the
direction of the best point (minimum). Several diﬀerent
start simplexes are required in order to study the local or
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global nature of any minimum. Reference [23] contains a
detailed exposition about this method and its implementation on computers.
All the previous ideas (generalized topological indexes, linear correlation function and downhill simplex
method), have been coded in a computer program
termed GTI-Simplex where each simplex involves seven
6-tuples of the form (x, y, z, p, q, r). Each 6-tuple deﬁnes a
GTI response point and GTI-Simplex explores the GTIspace to ﬁnd a minimum of function (13).

4. Application of GTI methodology
In this section, the practical use of GTI methodology
is illustrated through the study of the normal boiling
point of the eighteen octane isomers [24,25]. Octane isomers represent a challenging data set for QSPR models
using topological descriptors [26,27]. In this case the
QSPR models are not falsiﬁed by the eﬀect of the
molecular weight. After the optimisation process
through the GTI-Simplex methodology, Table 1 shows
the linear regression coeﬃcients and statistical parameters obtained for the optimised GTI. Classical Wiener
index and Randić index have been included for comparison. It is noteworthy the very good improvement in the
ﬁtting process achieved using GTI.
The linear models for the boiling points (in Celsius
degrees) on octane isomers can be written as follows:
BP½G ¼ 78.06 þ 0.512

1 1.0000 0.0000

2 1.0000 1.0000

0.0000
1.0000

BP½G ¼ 2.535 þ 30.49

1 1.0000 0.5000

2 0.0000 0.0000



0.5000
0.0000

BP½G ¼ 309.80 þ 707.91

1 1.0000 0.4998

2 3.2223 0.7537

ð14Þ

;
G



0.4998
0.7537

ð15Þ

;
G


.

ð16Þ

G

Or equivalently, using Eq. (7):
BP½G ¼ 78.06 þ 0.512

diamðGÞ
X

kN ðkÞ ½G;

ð17Þ

k¼1

BP½G ¼ 2.535 þ 30.49N ð1Þ ½Gnð1Þ ½G;
BP½G ¼ 309.80 þ 707.91

diamðGÞ
X

ð1Þ

ð18Þ
k1

k¼1


k1
0.3103

N ðkÞ ½GnðkÞ ½G.
k

ð19Þ

In the ﬁrst model, the scale x parameter does not appear and all the n(k) terms are equal to the unit. These
two strong restrictions reduce drastically the ﬂexibility
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Table 1
Statistical and regression results for the normal boiling point of the
octane isomersa

A
B
N
R
SD
RCV
SDCV

W

v

GTI

78.06
0.512
18
0.541
5.320
–
–

2.535
30.49
18
0.824
3.587
–
–

309.80
707.91
18
0.990
0.891
0.988
0.983

a
A: Intercept; B: Slope; N: Sample size; R: Correlation coeﬃcient;
SD: Standard deviation; RCV: Cross-validated correlation coeﬃcient;
SDCV: Cross-validated standard deviation; W: Wiener index; v:
Randić index; GTI: Generalized topological index, whose optimum
parameter values are: x = 3.2223, y = 0.7537, z = 0.7537,
p = 1.0000, q = 0.4998, r = 0.4998.

of the Wiener index and, consequently, the quality of the
ﬁt. In this model all pair of vertices have the same contribution to the index without any consideration about
how far or close the vertices are in the graph. And, the
fact that all the n(k) terms are equal to the unit is consequence that all ui and vi (see Eq. (2)) are equal to the unit
too. Therefore, within this model, it is impossible to distinguish any vertex in the graph with respect to its eﬀect
on the property.
In the second model, the Randić index permits to
distinguish the vertices in the graph according to the
degree of them. From Eq. (2), it is easy to show that
each ui or vi term is equal to the reciprocal of the
square root of the degree of vertex i. So, the above result introduces more ﬂexibility in the graph-invariant
description of the molecule. But, unfortunately, Randić
index only involves contributions due to those vertices
separate at unit distance, cutting the expansion (7) at
ﬁrst order.
Finally, the third model (the optimised GTI) permits
to distinguish the vertices in the graph through the y, z,
q and r parameters in agreement with the fact that the
neighbour atoms aﬀect the local environment of each
atom. Moreover, the several contributions to the property are separated in terms of the distance among vertices in agreement with the idea that the interactions
inside the molecule are strongly dependent on the separation of the interacting sites. Eq. (19) shows the wellknown reciprocal dependence between the boiling point
of octane isomers and the branching of the molecule.
The scaling factor: (0.3103/k)k1, in Eq. (19) decreases
drastically the terms associated to large distances.
According to our calculations (data not shown), it is
clear that the ﬁrst three terms in (19) are the leading
terms in the current GTI evaluations. The ﬁrst and
the third contributions in (19) are positive whereas
the second is negative. The ﬁrst contribution is practically constants for all isomers, so the current contribution value depends mainly on the second and third

terms. Molecules with high branching tend to have a
high number of atom pairs separated at distance two
in contrast with more linear molecules. Therefore, molecules with high branching degree increase the second
term in the expansion (19), which decreases the boiling
point.
A strong long-range intermolecular force increases
the boiling point of liquids. In general, the intermolecular forces are the result of the electrostatic potential
around the molecule. This electrostatic potential is a
function on the molecular charge distribution, so it is
easy to understand the role that plays the molecular
branching for explaining the concentration of charge.
However, it is important to stress the inhomogeneous
nature of the electric ﬁeld around the molecule. In
Section 2, the importance of the n(k) terms to introduce
local information on the vertices in the graph was discussed. Our calculations about the distribution of n(k)
along the isomers (data nor shown) reveals small variations in these contributions that are responsible for
the good ﬁt obtained in the optimisation process. The
inhomogeneous contribution of vertices in the graph
to the property is coded by the inhomogeneous values
in the u function. As an example of the above, Fig. 2
shows how the function u changes from model 1 to
model 3 in 2,4-dimethylhexane. It can be seen the
important role that the local atomic environment plays
in the description of the boiling point of octane isomers. In this way, GTI oﬀers a method to study the effect of the local environment of each atomic site in the
molecule.

Fig. 2. Molecular-graph for the 2,4-dimethylhexane showing the
values of u function on the vertices: (a) Wiener index; (b) Randić
index; and (c) GTI index after the optimisation process.
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5. Conclusions
We have introduced a new graph-theoretical approach that combines the robustness of optimisation
methods with the transparency of simple topological
approaches. GTI-Simplex approach permits the design
of an index for describing quantitatively a physicochemical property instead of using an ad hoc descriptor
that could not be optimal for such property. GTI
descriptors were written in terms of geodesics encoding
global and local information about the graph structure
on the set of vertices, which permits to study the role of
individual topology of single molecules in understanding the properties of molecular ensembles. The understanding of how the properties of single molecules
result into the properties of molecular ensembles has
been claimed as an important step in the comprehension of molecular complexity [28].
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